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An Introduction to Probabilistic Modeling
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Curriculum Vitae

Speaker Name: Yung-Kyun Noh, Ph.D.

» Personal Info

Name Yung-Kyun Noh
= Title Asssistant Professor
Affiliation Hanyang University

o

b\
; » Contact Information
Email nohyung@hanyang.ac.kr
Phone Number  02-2220-1409

Research Interest
Machine Learning, Nonparametric methods, Information theory

Educational Experience
2011 Ph.D. in Interdisciplinary Program in Cognitive Science, Seoul National University, Korea
1998 B.S. in Physics, POSTECH, Korea
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2018- Visiting Scientist, RIKEN Center for Advanced Intelligence Project (API), Japan
2015-2018 BK Assistant Professor, Dept. of Mechanical and Aerospace Engineering,
Seoul National University, Korea
2013-2014 Research Assistant Professor, Dept. of Computer Science, KAIST, Korea
2011-2013 Postdoctoral fellow, Dept. of Mechanical and Aerospace Engineering,
Seoul National University, Korea
2007-2012 Visiting Researcher, Dept. of Electrical and Systems Engineering,
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Contents

* Properties of probability models and probability
density models

e Parameter estimation

* Inference
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Probabilistic Assumption and Bayes Classification

* Bayes Error

p1(x)

Data space
1 )
EBa,ycs — 5 mln[pla p2]dx
Lo e —
(&) Hanyang University 3 ¥ ) S

Probabilistic Assumption and Bayes Classification

Data space
D — ) N
— {xu yl}i:l ~ P1 (X) y P2 (X)
. . (ﬁl&(" Advanced Application
: Hanyang Umver5|ty 4 ;‘LA‘,L—,‘S) for Intelligence Systems




Generative vs. Discriminative (1/2)

* Generative Learning
» Interested in joint probability

p(x,y) px|1)  P(x[2)
ﬁ(y) ﬁ(xly) - Apply class

conditional

* Prediction model
» Bayes Rule
~ p(y)p(xy)

h(x) = ply|x) = —

( (¥l )

) Hanyang University 5 ._r‘%l gﬁ?:ﬁfjgfﬂ'gx%s

Generative vs. Discriminative (2/2)

* Discriminative learning
» “NOT” interested in joint probability

* Conditional probability learning
h(x) = p(y|x)

* Learn prediction function by minimizing the
empirical loss function

= ine(D
h(x) arg}rlrélﬁe( ,h)

V. N. Vapnik (1998) Statistical learning theory, John Wiley & Sons
Also refer to NIPS 2009 workshop -- Generative / Discriminative Interface

p—
P ‘ | = . .
Hanyang University 6 ._r‘l_h_’f'il_éy Advanced Application

for Intelligence Systems
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Learn Density Function from Data

* Make a model with learning parameters
* Statistically obtain parameter values using ML or MAP

estimation

* In Gaussian,

—_— - 1 o~
mean = « > . X; = [l

— ~~
covariance = + > (x; — p)(x; — p)t =%

are the results of ML estimation.

‘ | N
p ! Advanced Application
7 I_héil—é& for Intelligence Systems

(&) Hanyang University

For Two Gaussian Data (1/2)

Pr(x) = N (i1, 1)
Pa(x) ~ N(ﬁm i2)

- ~ pa(x)
D1 (X) % D2 (X) <:> T~ % Il

p1(x)

1 1 T —1 -~
— xp | —5(x — s (x — )
.\/%D|Zz|% b ( 2( #'2) 2 ( /-1'2) % 1
o (30— ) TS (x i)
Varl 1S, 2 2 !
Hanyang University 8 ;‘@S’ fo'ivliﬁiﬁfjgﬁffe"gigns




For Two Gaussian Data (2/2)

* With a Homoscedastic Assumption

—~

ilzing

1 P . 1 PP ~
exp <—§(X—AL2)IZ Y(x — fi2) +§(X—l£1)12 1(X_F"1)) = 1

The problem reduces to
exp(wix —b) =1
w = X" (2 — 1)
b= fiy X7 iy — iy X'
- Fisher Discriminant Analysis

—

}@Si Advanced Application

s =5~ for Intelligence Systems

-

—

(&) Hanyang University 9

In Terms of the Posterior

P1

pP1 + P2
1 1

B 1+pa/p1 1+ exp(wix—0D)

ply =1|x,w,b) =

ply =2|x,w,b) =1 —p(y = 1[x)
B exp(wlx — b)
1+ exp(wTx — b)

P

oy [ ‘l 1 Advanced Applicati
€ ut . . N2 pplication
= Hanyang University 10 L&L‘L—,‘SJ for Intelligence Systems




Logistic Regression

e Starts from the posterior
1

1 + exp(wlx — b)

p(y — 1|X: W, b) —

exp(wix — b)
1+ exp(wlx — b)

Py =2|x,w,b) =

w, b = argmax In p(y| X, w, b)

w,b \
Z ]I(yn — 1) lnp(yn — 1|XH,W, b)
" +1(y, = 2) Inp(y, = 2|x,,w,b)

Use gradient ascent =» Local maxima

—

s [ ‘l <1 Advanced Application
. . pi
Hanyang University 11 a w for Intelligence Systems

FDA and Logistic Regression

* Have the same discriminative form (Linear
Classifier)
wix—b=20

* FDA solution: Bayes classifier with class-conditional
model

* Logistic regression: Discriminative adaptation of a
discriminative function

* Question: Are the results the same or not?

P

P ‘ | = . .
Hanyang University 12 N |_I_AS' Advanced Application

4 _&,J for Intelligence Systems




FDA and Logistic Regression

e Are the results the same or not?

WrpDA WIR
> >
R o

: @

N ®

/Y @
Plxly = 2;7i2, )
pP(xly = 1511, %)

Wrpa = i‘j_l(ﬁl — [i2)

wrr = arg max P(y|x; w)

Hanyang University

1 I Ad d licati
° ;Aikz54|l&§)’ Advanced Application

Comparative Study (1/2)

* Generative & Discriminative Pair

* Same number of parameters, same form of h(x)

Risk Logistic regression
upper (discriminative)
bound
Naive Bayes
o generative)
Hybrid? |
) (log O(DYJ sample size

S. Lacoste-Julien et al. (2009) The generative and discriminative learning interface, NIPS Workshop

A.Y.Ng & M. |. Jordan (2001) On discriminative vs. generative classifiers: a comparison of
logistic regression and naive Bayes, NIPS

Hanyang University

14

{ "wA —
A\ g‘l Advanced Application
.__r{&‘él _.l_.“

for Intelligence Systems

-7-



Comparative Study (2/2)

* Discriminative analog of naive Bayes is logistic regression

» The error €77 (fpisc(X)) converges to err(fDisc.00(X)),
and err( fpisc.0o(X)) is no worse than linear classitier
picked by naive Bayes.

* With O(log D) samples, the parameters of fcen are
close to those of fGen,oc uniformly.

* The parameter convergence implies er7( fgen (X))
approaches err(fgen.co(X)) .

—

b N —
Hanyang University 15 N |_l_3’ Advanced Application

o M for Intelligence Systems
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LAB o ADVANCED
APPLICATION FOR
INTELLIGENCE SYSTEMS

P

‘--.-,_'. ‘ | = . .
Hanyang University 16 ‘IF’L}1 _I_AS’ Advanced Application
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Keywords
* Probability / Probability density

* Conditional probability (density)
p(xa|x1)  P(ylx)
x; € RPt x5, e RP2 x e RP y € {1,2}
* Marginal probability (density)

* Joint probability (density)
e Inference and classification

—
T [N [ icati
Hanyang University 17 I_h_il—és)' Advanced Application

for Intelligence Systems

Probability
P(X): X —0,1]

* Mapping from a random variable to a number

X(Event 2) =2

X (Fvent 1) =1 / Event N)=N

;Y(E'L‘ffﬂ.f, 3)=3-—" X(

(X =3) P(X = N)
P(X =1)
P(X =2) \

l l '/ L1 | |

I 1 1 I I

0 1
hricsin T 45 P
Hanyang University 18 ;‘ﬂ‘@g fiﬁ:ﬁﬁ%ﬁfﬁlgig&s




Probability

X: random variable  X,: set of outputs of random variables

P(X1) = P(X € X3)
P(X1UXs) = P(X1) + P(Xs) — P(X1 N X5)

X; ={1,2,3,4}, X5 = {3,4,5)
P(1,2,3,4,5) = P(1,2,3,4) + P(3,4,5) — P(3,4)

P(X1UXs)=P(X1)+P(Xo) ¥ X;NXy=0

Advanced Application
for Intelligence Systems

(=) Hanyang University 19 ‘_;I_LA(LléS'

Probability and Probability Density

p(x) €P /Dp(x)dx =1 pkx) >0

PxeR)= / p(x)dx

R

Probability=/ p(X)dX
R

£ s -.-n._ ) ) 4 I
" Hanyang UmverSIty 20 -_f‘l_hle—éS) for Intelligence Systems

- 10 -



Probability and Probability Density

PxeR1UxERy) = / p(x)dx
Ri1URs

= P(R1) + P(R2) — P(R1 NRy)

Event is defined infinitesimally:
R: set of infinitesimal events

p—
R . . [ 1‘[ = Advanced Application
&= Hanyang University 21 r&@J for Intelligence Systems

Can you explain the meaning of
these functions?

P(X =1)
P(X = 1Y =2)
plx=1) Compare with P(z = 1)?
p(x =1y = 2)
Hanyang University 22 ._r‘{;_:il—ég foivliﬁiﬁfjgf:fehgigns
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Bayes Optimal Classifier

e Qur ultimate goal is not a zero error.

(Optimal) Bayes error

R™ = %/min[pl(x),pg(x)]dx

—

Figure credit: Masashi Sugiyama
- . . | Je' Advanced Application
Hanyang University 23 -_"‘.I‘_Lf_il—é& for Intelligence Systems

Model on Each Class 0
Pe(x), c € {1,2}

boundary

B1(%p) > Ba(p) uip =
P1(xp) < p2(xp) = yp = 2

* Model: Assumptions on the Class-conditional density

| =

e N —
- i ) "l p l‘ ! Advanced Application
t Hanyang University 24 ;LA‘L—,‘S) for Intelligence Systems

-12 -



Model on Discriminative Function

4 ]
® . x ¥ s = = "
m B |
x xxx ..-- .-
xx Xk xm =
x X ’-t xl-
% RY
0
T w

* Model: Assumptions on the boundary and optimize the boun
dary directly from data

P—
o n s P
. . ) y ! Advanced Application
Hanyang University 25 25 ‘_;ik/éﬂ —I—I&S for Intelligence Systems

* Discriminative model

P(Y[x)

Linear discriminant models (logistic
regression, ...)

e Generative model
P(x[Y)

Gaussian models,

Fisher Discriminant Analysis
Naive-Bayes models,
Graphical models,

P
st N —
- . . ‘%4 l <! Advanced Application
. Hanyang University 26 ._,I_AﬁdL—éSJ for Intelligence Systems

- 13 -



Optimal Regression

* Minimizing mean square error

y(x) =Efylx = f y p(y|x)dy

y(x)

Minimize

= f/ {y(x) — y}” p(x, y)dxdy

E[L] = f{J — Elylx]}* p(x) dX+/ {Elylx] — y}* p(x, y)dxdy
- Minimized when y(x) = E [y|x]

h%
| Advanced Application

) Hanyang University 27 27 MS) for Intelligence Systems

.

Model for Regression

* Obtain regression function from data y(x; D) € H
D:{Xivyi 1{,\;1 mp(x?y) Y

* Choose a model H where the . yxD)
. . . C .. ‘0 .00
following expectation is minimized: NN g e
o~ //‘\ 5 \\ . ,,/
function with minimum 7, /Q,‘/—’"“ Ll
2 o077 7
Ep | {y(x: D) - Ely|x]}’]
,/’/ - ; 7

* Minimized for y(x;D) = E [y|x]

* Bias-Variance tradeoff
{y(x; D) — Elylx]}* = {y(x; D) — Ep[y(x; D)] + Ep[y(x; D)] — E[y|x]}’

2
Ep [{y(x; D) — Ely|x]} } Variance » Biash2
= Ep |{y(x; D) — Eply(x; D))}’ | + (Enly(x; D)] - Elyjx]}’
Hanyang University 28 {Ffﬂ‘lﬂsi foivﬂﬁiﬁ.‘jgf:fggigm

-14 -



Several Rules

> P(X=X;)=1

X;€all disjoint set

> PX=X,|Z=2;)=1

X;€all disjoint set

> PX=X|Z=2;)="1

Zjéall disjoint set

p—
s 1" ‘1 Advanced Application
- - 74
Hanyang University 29 ._r{L/ |——A“S for Intelligence Systems

For More Than Two Random Variables

* For three disjoint sets X, X5, X5 for arandom
variable X and another three disjoint sets Y7, Y5, Y3

for a random variable Y
X > P(Xe{X1,Xo},Y €V1)
Y X1 X2 X/g/

e s — - '/__-_N—\
Y !

P(X1,Y1)| P(X2, Y1) :P(Xss Y1) : Qi(}j)\

}/2 P(X1,Y2)| P(X3,Ys)| P(X3,Y2) P(Y>)

Y3 [P(X1.Y3) | P(X2, Ys)| P(X3, Y5) P(Y3)
P(X1) | P(X3)| P(X3) 1
Hanyang University 30 ._‘L"L’-ég foi\ﬁrttﬁ:jgﬁ:ge“;iltgs




Conditional Probability

Y X1 Xo | X3

! Y7 [P Y)| PG, Y| P(Xs, V) P(Y7)

S A o] e I el

Yo |P(X1Y3)| P(X2 Y| P(X3,Yo)|  P(Ya)

Y3 [P(X1,Y3) | P(Xo, Ys)| P(X3, Y3) P(Ys3)
P(Xy) | P(Xy) | P(Xs) 1
P(Xy,Y1)
P(X = X1]Y =Y;) = '
( i v P(X1,Y1) + P(X5, Y1) + P(X3,Y1)
_ P(Xy,1)
P(Y?) o
(&) Hanyang niversity 31 AL s e

Conditional Probability Density

p(x,2z) x € RPx z ¢ R"=

> pixemg = 220

“ New domain

| =

L N —
- i ) "l 4 l‘ ! Advanced Application
t Hanyang University 32 ;LA‘L—,‘S) for Intelligence Systems
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Conditional Probability Density

(&) Hanyang University

Marginal Probability Density

sum
7
p(z) = /p(z, x)dx
"!‘Af‘l Advanced Application
; Hanyang Univers“y 34 -_f‘ll}/_éi‘cl—)g for Intelligence Systems




Marginal Probability Density and Conditional Probability
Density in Machine Learning

Y Joint PDF

\Xj T T

Conditional PDF Conditional PDF

T h%

it : : ¢! Advanced Applicati
Hanyang University 35 AL pneeaseniaron

Marginal Probability Density and Conditional Probability
Density in Machine Learning

A

z
Joint PDF

m?y'}zeR

P

oy 1§ R R
- . . 'l Ad d Applicat
; Hanyang University 36 ,(L/ _I_AS vanced Application

o .__‘g,-) for Intelligence Systems

.

-18 -



Benefits of Using High Dimensionalities

e Feature 1 and Feature 2 have correlation

¢ @inleo-

Feature 1

—

"I Advanced Application

.
37 -_‘}Al—é& for Intelligence Systems

—

(&) Hanyang University

Curse of Dimensionality

* To achieve the same density as N = 100 for 1-variable
* We need N = 100° for D variables

ey

:

ﬁ%@é%%%&é&é"

LR K KKK KK
YRR E R

LA A B K KRR K KKK KR
T K IR IR

LR R K K R K R K KK R R
LK KRNI

PN A & & & & & & A A R 5 S R 2R R 0K KK K K K KK K
b u e o i o K K )

Oy ¢}¢?¢}¢??a¢'

vvﬁ%vvvvvvvv

v u R
24 X2 X ER R R R R

y@svvvssvvvv

* Conversely, when we have 60,000 data for 10-
dimensional space, the density is the same as 3 data in

1-dimensional space.

| = —
T, s —
- i ) "l p l‘ ! Advanced Application

‘ Hanyang University 38 -_._/_‘c—,‘S) for Intelligence Systems

.
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Gaussian Density Function

(&) Hanyang university 39 A e o
Gaussian Random Variable
() ! ( Lx— s ))
PX)=—p 7&Xp| —gX—pnu X—H
ozt 2
1
rp Principal axes are the eigenvector directions of ¥

Y u; = )\,117

A1, Aot €igenvalues

N

1
p(x) = p(p) exp (—5)
—
. . J | Ji¢ Advanced Application
Hanyang Unlver5|ty 40 -_‘M for Intelligence Systems

-20 -



Gaussian Random Variable - Projection

1 1 Tey—1
p(x) = ——p—— exp (——<x ) R (x - u))
NoTAME: 2
Projection to any direction is Gaussian.
N(p, %)
po=w'p

Y =w'Yw \ /.
N\
N

_
AN l"i Advanced Application
41 ._lj}éi—é& for Intelligence Systems

N (', %)

Gaussian Random Variable — Marginal

o Eu. Zab
== (Zba 2p )

p(xa) == /p(xa-:xb)dxb
— N()u'aa Ea)
C A5 dvanced Appl
— . . Y, I Advanced Application
Hanyang UmverSIty 42 -_‘,{}L‘Ll—é% forInteIIige::e Systems

-21 -



Gaussian Random Variable — Conditional

! ! S (x—pu
p(X)ﬂeXp(—§(X—ﬂ) 2 l))

D(I,
X = (XU) Xa ~ R
Xt
’ Xp € RDEJ

p(xalxb) - N(/Jfa,H)a Eﬂ,|b)

Halb — Ha + Eabzb_l(xb - ﬂb)
{ Ea\b = 3g — Eabzb_lzba

! Advanced Application

{@1) Hanyang University 43 43 ,{__ALI_&S)

b for Intelligence Systems

Gaussian Parameter Estimation and
Inference - Simple Example

« x € R” and y € R are jointly Gaussian.
* Using D = {x;,y,;} , estimate

Hy N Azg %yxa ;yxa
M — ﬁxa and E - ;Xay Azxu Z/\}fa){g

uxb Zx;y EX( Xa Zx}
where

(%)

X =

Xp .

* For a new datum x with missing xs,

pPy|xa) = N(ﬁ’y + 2yx, E;al (Xa — fla),

A_l -~
Ey o nyu Zxa Exu.y)

A_‘
( "I Advanced Application

Hanyang University 44 _Iﬁil—é& for Intelligence Systems
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Parameter Estimation

(&) Hanyang University 45

P
{L‘élrlﬂg' Advanced Application
-_f_&—)J for Intelligence Systems

2y : estimated probability density function,
), maed rovniycersty

Motivation — Parameter Estimation

* Parameter estimation is an optimization problem

in other words, density function that fits data the most

P

Hanyang University 46

N —
¢! Advanced Application
_I_AS pp

|
o }/_‘g,-) for Intelligence Systems

.
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Maximum Likelihood Estimation

e Parameter estimation is an optimization problem

ﬁ(X) — p(X|ﬁ, E)
A, £ = argmax p(x|p, )
s
) Hanyang University 47 ._r‘i}@s’ ?oivl?]rt‘:ﬁ%::gigszit:?ns

Maximum Likelihood for Gaussian

1 1
p(x|p,¥) = ——p5——exp (——(x — ) 2N (x — /1,))
Nor=aE: 2

* With optimal parameters satisfying

N
i, % = arg max p(X|p, ¥) = arg max [ [ p(xi|p, %)
p & B
1 o 1y ~ T
EZW;XE E:N;(Xi_ﬂ)(xi_ﬂ)

Empirical mean and empirical

covariance are the maximum likelihood —~ i
solutions. 22
| 2 P e
i i Iy P
S_— . . ¢! Advanced Application
[oad AN\ 2
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Maximum Likelihood for Gaussian
p(X[p, 3) = ——p—— exp (—l(x —p) T (x — /J))
SRS 2 |
[v@lnp(xw) —F | ]
Olnp(X|w.®) - LN~
o =0 N ; 3
Olnp(X|p,X) 1
np(X|u, S m MY
A — -
o 0 = ;(X?, 1) (x; — f1)
Hanyang University 49 ;@S’ ﬁivﬂrt‘Zﬁ?g:fgigizitZ;s

Covariance Estimation
== > i =i =)

* In high-dimensional space

)\
)\

(D + 1)D/2 number of parameters for covariances

A_‘
Advanced Application

£ ul.-,_'. . . y e
Hanyang UmverSIty 50 -_‘}L‘Ll—éS for Intelligence Systems

.

- 25 -



Maximum A Posteriori (MAP) Estimation

* MAP estimation

0" = arg mgmxp(f?X) 4 6" = arg mgmxp(XW)

* Likelihood (Model): p(x|6)
* Prior: p(0)

* Bayes rule:
p(x|0)p(0)
p(0|x) =
p(x)
) Hanyang University 51 ._:—‘@(El—ég ﬁ,ﬂv.iﬁzﬁfg:ﬂ'gilﬁqs

Maximum A Posteriori (MAP) Estimation for Gaussian

1 1 )
N

p = arg mgxp(ulX) = arg mjLXHP(”'xf)
i—1

* Let the prior

) 1 1
P) = Mo, ) = 5z exe (—ﬂm - w)
0

* The posterior can be calculated using

N
p(p|X) o< p(X|p)p(p) = Hp(m!u)p(u) ~ N (pin, 07

P

5y, [ ‘l I Advanced Applicati
€ ut . . N2 pplication
= Hanyang University 52 52 : w for Intelligence Systems
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Maximum A Posteriori (MAP) Estimation for Gaussian

lﬂgi Advanced Application

A‘
i
-_fl'}éi—,J for Intelligence Systems

Maximum A Posteriori (MAP) Estimation for Gaussian

* Posterior density

1/ ,[N 1 1 1o
x o (g (| r | e [ )

= Numr
 Caution: Posterior of [, not the density function of &

* MAPof £t = Meanoft = Up

4“[&@ Advanced Application

for Intelligence Systems

|
é?'

Hanyang University 54 p
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MLE vs. MAP

* For Gaussian
* When N is just a few (say N = 5),

20 n 3
— - MML = = « a0
Hn = 5 5+3" 5-5+3"
Dominant
5-3
o = =004
" 2543
) Hanyang University 55 ._r‘{_"fil—és’ gvl?mrt‘:ﬁi:r?ci“g??tzr:ns

MLE vs. MAP

* For Gaussian
* When we have a few outliers

of =5,0% =100

B 25 - 4 100
= 55+ 100" " 5.5+ 100"
Dominant (learn from ) 40
5-100
Onpn — —
25+ 100
Hanyang University 56 ‘_;@Sl foivliﬁiﬁfjgf:fehgigns
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MLE vs. MAP

;:i ;;:,0 lIlMAP MML

h%
! Advanced Application

) Hanyang University 57 ;‘}@5 for Intelligence Systems

—

Bayesian Integration

* The final standard method of prediction is to use
Bayesian inference instead of estimating the
parameter point.

* Do not insert the point estimate ﬁMAp directly, but
marginalize.

p(z|X) = / p(2|w)p(ul X)dp

_ 1 1 ) 1 1 ,
- / Voro? P (‘F(ﬂf —n) ) N <_2an (1= pn) ) di

1 ( 1 ( )2)
= ex TS 5 o\ — M
V2m(0? + 02 P 2(0? +03) /

= V\/’(,un, o? + Ui)l Uncertainty of [t
7,\/

A_‘
"I Advanced Application
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Conjugate Priors

* Given a likelihood pdf, p(x|€) posterior p(6|x)
has the same form as the prior p(6).

Likelihood P(|0)
Prior p(@) » Posterior p(6|x)

\ Two distributions /

Have the same form

P—
. . ! y | Jhet Advanced Application
Hanyang University 29 -_IMS) for Intelligence Systems
Gaussian (/J,)
Gaussian » Gaussian (/.L)
Multinomial
Dirichlet » Dirichlet
Binomial
Beta » Beta
Poisson
Gamma » Gamma
1 Gaussian (0'2] 1
Gamma (\ = — ) » Gamma (A = —)
o2 o2
= P
; H Uni it 60 ‘Fﬁi‘lﬂv Advanced Application
anyang university -_‘l_k—,‘-) for Intelligence Systems
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Kullback-Leibler Divergence

Pe: Empirical density function

Pe
KL(p€||p9) - /pe 10g p—dX Po: Model density function

= — / [pe log pg — pe log pe] dx

N
\j‘c = % Z:&:l 6(x —x;)

N
1
arg min K L(pe||pg) = arg min —f — Z d(x—x;) log pe(x) dx
Po Po N P
N

1
= argmax — E log po(x;)
pe N 4
1=1
N
= arg max log Hpg(xf,;) = argmax p(D|0)
po : po
1=1
T A‘
¢t arsi A T ' Advanced Applicati
Hanyang University 61 ¥ ) S

Kullback-Leibler Divergence

po, = p(x/01)

N =1 N
pe(x) = %Z(ﬁ(x—xi] / W

3
| |

X3 X1 X4 X9 X5 \ Po, = P(X|92)
KL Divergence: KL(pergl) < KL(pergz)
Likelihood: p(D‘ﬁl) > p(D|92]
Hanyang University 62 ._‘i@c{l-ég fﬁvﬂﬁiﬁfgﬁfﬂlgmﬁs
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Kullback-Leibler Divergence

p91 = p(X'é’l)
N=5 m
1 & — oixld
pe(x) = ﬁ;ﬂx—x@] Do, _p(xl 2)

“1 LI

X3 X1 X4 Xo X5 \

po, = p(x|03)
AN

05 = arg mgxp(m@)

Model with complex function will capture the noise.

—

’ Hanyang University 63 J_LAF!_&S' Qﬂﬁi::ﬁ%::gigzit:?ns
Thank you
Yung-Kyun Noh
nohyung@hanyang.ac.kr
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